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An approximate equation of motion for synchrotron oscil- 

lations in the presence of space charge is 

& (3 - ES) = feV sin $I -fPeV + 2ahfeg $$ , (1) 

g=-2h$-:-Es), (2) 

w’here f is the revolution frequency, hf the radio frequency, Es 

the synchronous energy, ip the phase of the rf when the particle 

crosses the gap, P = sin $s the synchronous phase, X is the space 

charge per unit length along the circumference, g is the capaci- 

tance per unit length of the beam in the vacuum chamber, and V is 

the total voltage per turn (esu). Equation (1) includes the 

electrostatic space charge field only. It is shown in reference 

(1) that the effect of including magnetic interaction is essen- 

tially to add a factor ym2 to the third term on the right in Eq. 

(1). An appropriate formula for i-; is1 

g=1+2 9.ns na ' (3) 

where G is the total vacuum chamber aperture and a is the minor 

radius of the beam. We will assume that the density X of the 

bunch is of the form 
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which corresponds to h uniformly filled ellipses in phase space 

with a phase amplitude +A and with a total of N particles. We 

substitute Eq. (4) in Eq. (1) and linearize to obtain 

feV cos 9, - 

The phase oscillatior frequency given by Eqs. (5) and (2) is 

l/2 
, 

where 

vso = 
h eV af -- 
TiT f ae cos +s 

(5) 

The condition that the phase oscillations are not sig- 

nificantly affected by space charge forces is then 

(6) 

I 4hldg 
y2A3 

1 = ]K] < < 1. 
cos +s 

If the quantity K is of order unity or greater, then 

space charge forces will be important. The limiting number of 

particles above which the (small) phase oscillations become un- 

stable is, (if cos Q, > 0), 

NQ = 
y2A3 cos $s 

4gh 

(7) 

(8) 

(9) 

However, the true limit is presumably obtained by putting A 2 1, 

since if K > 1 for a small value of A, the space charge forces 

will expand the bunch (by weakening the focusing) and increase 

A untilK cl. The result (9) then agrees with the result ob- 

tained in reference (2) by a more rigorous treatment. 
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Above the transition energy, af/aE < 0, and cos $s 

= - K-7. The space charge forces then increase vs if K z 1. 

In any case, it is clear that careful attention must be 

paid to space charge effects if condition (8) -Is not satisfied. 

If the phase oscillations behave adiabatically, the phase 

spread A is given by 

a2 = h 1 af Ao(Em - I&)0, 
vs f aE 

where rtAO and ?(I<, - Es)0 are the initial phase and energy spread 

in the beam. If we neglect space charge, and use I:q. (71, this 

becomes 

** = 2~h- af 

I I 

l/2 

eVfcos*, 2-s 
A”(E, - E,)(). (11) 

'The change in A during acceleration comes mainly from the factor 

(af/as)1/4 wk. i 11c'1 goes to zero at transition where space charge 

effects will certainly become important. 

For the proposed 200 GeV accelerator, we have near injection 

Main Ring Booster 

1120 84 

3 3 

105 cm 7.5 x 103 cm 

3.47 x 10 6v 2.111 x 105 v 

h 

1.213 

.866 

3.8 x 1012 

1.38 

0.09 

1.6 x 1013 

Y 

cos “s 

I,1 

A 

K 

N 0 

11.66 

.866 

5 x 1013 

.44 

0.028 

2 x 1016 



4. FN-121 
2040 

It appears that at injectfon neither booster nor main 

ring is in trouble, although a reduction of A by a factor of only 

2 would make space charge important in the booster. The calcula- 

tion should be made at other points in the acceleration cycle to 

be sure that space charge can be ignored everywhere (except at 

transition). 
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